Introduction
The central object of our study is, for an odd prime p, the cup product in the cohomology of the Galois group G of the maximal pro-p unramified outside p extension of F = Q(µ p ) with µ p -coefficients,
This cup product is well-known to describe the structure of G modulo the closed normal subgroup generated by pth powers and triple commutators. Moreover, it provides a useful first object in the study of Iwasawa theory over metabelian pro-p unramified outside p extensions of F , as detailed in [Sh2] and Section 4. Via Kummer theory, the cup product induces a pairing on the p-units E F of F ,
where A F denotes the p-part of the class group of F . In [McS] , McCallum and the author studied this pairing in detail. We conjectured that the pairing ( · , · ) surjects onto A F ⊗µ p whenever p satisfies Vandiver's conjecture that A F equals its (−1)-eigenspace A − F under complex conjugation [McS, Conjecture 5.3] . Denoting the projection of ( · , · ) to A − F ⊗µ p by ( · , · ) − , we state the obvious unconditional strengthening of that conjecture.
Conjecture 1.1 (McCallum-Sharifi) . The pairing ( · , · ) − is surjective.
As described in [McS] , a positive solution of this conjecture has numerous applications: among others, to Greenberg's pseudo-nullity conjecture in Iwasawa theory, to products in K-groups of cyclotomic integer rings, and to Ihara's pro-p Lie algebra arising from the outer representation of Galois on the pro-p fundamental group of the projective line minus three points. In this paper, we focus instead on a relationship between the structure of certain Iwasawa modules over Kummer extensions and the structure of ordinary Hecke algebras of modular forms localized at the Eisenstein ideal. It is this intriguing relationship that enables us to prove the following result.
Theorem 1.2. The pairing ( · , · ) is surjective for p < 1000.
The cup product pairing has the property that (x, 1 − x) = 0 if x and 1 − x are both p-units in F . By imposing relations arising from this fact, McCallum and the author were able to compute a unique nontrivial possibility, up to scalar, for each projection of ( · , · ) to a nontrivial ∆ = Gal(F/Q)-eigenspace of A F for all p < 10,000. Therefore, we have a complete computation of the pairing ( · , · ) up to a unit in (Z/pZ)[∆] for all p < 1000.
Our method of proof, while given in the context of Iwasawa and Hida theory, is very much in the spirit of Ribet's proof of the converse of Herbrand's theorem [Ri] . We now describe the basic idea at the finite level. Let ω denote the Teichmüller character. If p divides the Bernoulli number B k for some even k less than p, then there is a congruence between a weight p, level 2, and character ω k−2 Eisenstein series and a cuspidal eigenform f of the same weight, level, and character at a prime p above p in the ring of coefficients of f . Ribet showed that the fixed field of the kernel of the Galois representation ρ f attached to f on G F contains a nontrivial unramified elementary abelian p-extension H of F such that Gal(H/F ) has an ω 1−k -action of ∆.
We find a metabelian extension M of F in the fixed field of the kernel of ρ f , the arithmetic of which determines the nontriviality of a certain value of the cup product. For this, we assume that p does not divide the Bernoulli number B p+1−k . Then, M has the following properties: its maximal abelian subextension is the compositum of H and a degree p unramified outside p extension E = F (η 1/p ) (with η ∈ E F ) of F that has an ω k−1 -action of ∆, the extension M/HE is unramified at all finite places, and if no prime above p splits in M/HE, then (p, η) does not vanish. To show that no prime above p splits in M/HE is (at least for all p < 1000) equivalent to knowing that the pth coefficient of f is not 1 modulo p 2 , which is computable.
We will consider a rather general set of abelian fields and Dirichlet characters in this article, but let us continue to describe the situation over K = Q(µ p ∞ ) here. Let X K denote the Galois group of the maximal unramified abelian pro-p extension of K. Iwasawa's Main Conjecture states that the ω 1−k -eigenspace of X K has characteristic ideal generated by a p-adic power series determined by L p (ω k , s). This conjecture was first proven by Mazur-Wiles in [MW] via a study of the action of the absolute Galois group on "good" quotients of the Jacobians of certain modular varieties. The basic idea of their proof is the same as that in Ribet's theorem, but the proof is vastly more involved. A similar but slightly more streamlined proof was given more recently by Ohta [O3] using Hida theory. Ohta's proof extends methods of Kurihara [Ku] and Harder-Pink [HP] , who developed the analogue Ribet's work in the more technical setting of level one modular forms. It is Ohta's work that we shall call upon in this paper.
Following Ohta, we consider the action of the absolute Galois group G F of F on an inverse limit X of cohomology groups of modular curves with Z p -coefficients. If p divides B k but not B p+1−k , the localization of X at the maximal ideal containing an Eisenstein ideal I with character ω k is free of rank 2 over the corresponding component h of Hida's ordinary Hecke algebra of increasing p-power levels. The fixed field of the kernel of this representation contains a certain abelian pro-p extension L of K which is unramified outside p and totally ramified above p. We can consider X L , the Galois group of the maximal unramified abelian pro-p extension of L, and its filtration by powers of the augmentation ideal I G in Z p [[G]], where G = Gal(L/K). Again using the representation to Aut h X, we exhibit a canonical isomorphism between the group of Gal(K/Q)-coinvariants of I G X L /I 2 G X L and the Eisenstein ideal I modulo its square (Theorem 3.5). Under this isomorphism, the Frobenius element on the Galois side is identified with U p − 1 on the Hecke side. This yields that the corresponding subquotient of the Galois group Y L of the maximal unramified abelian pro-p extension of L in which all primes above p split completely is isomorphic to I/I 2 modulo the pro-p subgroup generated by U p − 1 (Theorem 3.6). The structure of these latter subquotients can be seen to relate to the ω 1−k -eigenspace of the quotient of the classical Iwasawa module X K by an inverse limit of cup products up the cyclotomic tower. (The precise result, Corollary 5.1, involves a certain reciprocity map constructed out of this inverse limit of cup products in Section 4.) In particular, supposing p does not simultaneously divide B k and B p+1−k for any even k < p, we prove that (p, · ) is surjective if and only if U p − 1 generates I for each k (Theorem 5.6). Thus, to obtain the surjectivity in Theorem 1.2, we verify the latter condition for all p < 1000.
In Section 6, we give a short discussion of the computation of certain Selmer groups of Hida representations taken modulo the Eisenstein ideal that is made possible by the isomorphisms of Theorems 3.5 and 3.6.
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Preliminaries
We begin by describing the ordinary Hecke algebras of H. Hida, which Hida defined and studied in a series of papers (e.g., [H1, H2] ). Let p ≥ 5 be a prime number, and let N be a positive integer prime to p. The ordinary Hecke algebras parameterize ordinary modular forms of all weights and all levels Np r with r ≥ 1. Let us very briefly recall one definition of these Hecke algebras here.
Let M k (Γ 1 (Np r ); C) denote the space of modular forms over C of level Np r and weight k ≥ 2, and let H k (Γ 1 (Np r )) denote the Hecke subalgebra of End C M k (Γ 1 (Np r ); C). We have natural maps
For any commutative ring R with 1, we have a Hecke algebra
in the inverse limit, and the Hecke operators in this inverse limit are the inverse limit of the Hecke operators at finite level. We may repeat this construction with M k (Γ 1 (Np r ); C) replaced by S k (Γ 1 (Np r ); C), the space of cusp forms of weight k and level Np r over C.
We obtain Hecke algebras denoted h k (Γ 1 (Np r )) and h(N; R ]] denote the group element associated to x ∈ Z × p,N . We use T l for l ∤ Np and U l for l | Np to denote the usual Hecke operators for prime l in these algebras.
Denote by H 1 (N; O) the inverse limit of the cohomology groups H 1 (Y 1 (Np r ), O), where Y 1 (Np r ) is the usual modular curve of level Np r . The "ordinary parts" of these cohomology groups (i.e., the summands upon which U p acts invertibly) were studied by M. Ohta in a series of works [O1]- [O5] , and the rest of this section is a partial summary of his results.
Remark. Following Ohta [O2] , we consider the action of H(N; O) on H 1 (N; O) which arises as the inverse limit of the actions of its Hecke operators dual under Weil pairings to the usual action at each level Np r . However, we do not give the Hecke operators acting in this manner a separate notation (e.g., T (l) * ), since it is the only action on H 1 (N; O) we shall use. We also use the original Z × p,N -action of Hida [H1] , which is to say that the Z × p,N -action of Ohta [O1, Section 2.1] on the Hecke algebra H(N; O) is a twist of ours by multiplication by χ −2 . On the other hand, for any prime l not dividing Np, the operator T (l, l) of Hida (resp., Ohta) satisfies [l] = l 2 T (l, l) (resp., [l] = T (l, l)) in our notation.
From now on, we fix a nontrivial even Dirichlet character θ : (Z/NpZ) × → Q p × of conductor N or Np. We let O be ring generated over Z p by the values of θ. Let ω : Z × p,N → Z × p denote the natural Dirichlet (Teichmüller) character factoring through (Z/pZ) × . Let χ : Z × p,N → Z × p denote the natural projection, and let κ = χω −1 . We will view κ, χ, ω, and θ alternatively as characters G Q → O × . For any Dirichlet character ψ, we let B 1,ψ denote the associated (first) generalized Bernoulli number.
The following hypotheses are used in Ohta's work.
Hypothesis 1. We shall make the following assumptions:
Remark. If N = 1, then Hypothesis 1 reduces to parts d and e.
The Eisenstein ideal I θ (N; O) (resp., I θ (N; O)) for the character θ is defined to be the ideal of H(N; O) (resp., h(N; O)) generated by T l − 1 − l −1 θ(l)[κ(l)] for l ∤ Np, along with U l − 1 for l | Np. Note that Hypothesis 1a implies that O is unramified over Z 
which is both a G Q and an h-module. Fix a decomposition group D p and its inertia subgroup I p at p inside the absolute Galois group G Q of Q. Define X + to be the D p -module X Ip . (Propositions 1.2.8 and 1.3.6 of [O3] together imply that X + is D p -stable.) Pick a cyclic subgroup ∆ p of I p having order p − 1 and upon which ω is injective. We let X − be the Z p -submodule of X upon which ∆ p acts by θ −1 ω. We have a direct sum decomposition X = X + ⊕ X − of h-modules (as in [O2, (5.3 .5)]). By Hypothesis 1 and [O5, Section 3.4 ], X + and X − are free h-modules of rank 1.
Let
denote the Galois representation on X. The fixed field of the kernel of ρ is unramified over Q outside of the primes dividing Np. We have
We have four maps on G Q called a, b, c, and d, with
for σ ∈ G Q , such that we may represent ρ in matrix form as
We remark that for σ ∈ I p , we have
and ρ is lower-triangular on an element of a decomposition group D p containing I p . Note that we have canonical isomorphisms End h (X ± ) ∼ = h and noncanonical isomorphisms Hom h (X ± , X ∓ ) ∼ = h given by choices of basis elements of X + and X − , which we fix. With these identifications, let B and C denote the ideals of h generated by the images of b and c, respectively, under these isomorphisms. Under our hypotheses, Ohta [O5, Section 3.4] showed that B = I and C = h using a method developed by Harder-Pink [HP] and Kurihara [Ku] for level 1 modular forms.
Let F be the fixed field of the kernel of θ on G Q(µp) . Let K denote the cyclotomic Z p -extension of F . Consider the maps a : G Q → (h/I) × andb : G Q → B/IB given by following a and b by the obvious projections. The fixed field of the kernel of a = det ρ (mod I) on G Q(µp) is K. We have a homomorphism,
the semi-direct product taken with respect to the natural action, which we can represent in matrix form as
]. Let ∆ = Gal(F/Q), and let ∆ = Gal(Q(µ p )/Q). Note that χ, κ, θ, and ω induce characters onΓ, Γ,∆, and ∆, respectively. We make an identification Λ
That is, if we let R ψ denote the ring generated by the values of ψ over Z p , then
where the map Z p [∆] → R ψ in the tensor product is the surjection induced by ψ. We remark that A (ψ) has the structure of a R ψ [[Γ]]-module. In Appendix A, we discuss the decomposition of Z p [∆]-modules and tensor products of such modules into eigenspaces. Let X K denote the Galois group of the maximal unramified abelian pro-p extension of K. Ohta proved the following result on the structure of its (ωθ −1 )-eigenspace. Though the proof we mention here uses the Main Conjecture, Ohta also proved it independently in order to obtain another proof of the Main Conjecture (for p ≥ 5).
Theorem 2.1 (Ohta) . The extension H/K is unramified everywhere and Gal(H/K) = X
ofΛ-modules in which the Galois action on B/IB is given byā. In particular, B/IB has characteristic ideal (g θ ) as a Λ h -module.
Proof. The first sentence follows from [O3, Theorem 3.3.12 ]. Let f θ ∈ Λ satisfy
for s ∈ Z p . Iwasawa's Main Conjecture, as first proven in [MW] , states that X (ωθ −1 ) K has characteristic ideal (f θ (U)) as a Λ-module. Thus, to verify the second sentence, we need merely note thatā(γ)
The Galois Representation
In this section, we study the maps
arising from c and d by projection. The fixed field ofc of G K contains a pro-p abelian extension L of K unramified outside and totally ramified at primes above p, with Galois group G. The image ofd is contained in 1 + I/I 2 [O3, Lemma 3.3.5]. We show that d − 1 sets up a canonical isomorphism between (I G X L /I 2 G X L )Γ and I/I 2 , where X L denotes the Galois group of the maximal unramified abelian pro-p extension of L. If we replace X L by its maximal quotient Y L in which all primes above p split completely, then we obtain an isomorphism with the quotient of I/I 2 by the image of the pro-p group generated by U p − 1.
For any algebraic extension E of Q, we let S E denote the set of primes above p and any real infinite places, and we let G E,S denote the Galois group of the maximal unramified outside S E extension of E.
Proof. Since θ is even, both X (θω −1 ) K and X (ωθ −1 ) K have no finite Λ-submodules (see [Wa, Proposition 13.28] ). Furthermore, they both have trivial µ-invariant by [FW] , and therefore they are both free of finite rank over O. Hypothesis 1e (together with a, b, and c) implies that the p-adic power series associated to L p (ω 2 θ −1 , s) is a unit (see [Wa, Theorem 5.11] ). Iwasawa's Main Conjecture then forces X (θω −1 ) K to be finite, hence trivial.
Now, let us consider the homomorphism φ
(or, equivalently, by the action of G Q on X/IX). Let L denote the fixed field of the kernel of φ C on G F , and let G = Gal(L/K). We remark that G ∼ = G (θω −1 ) , which gives G the structure of aΛ-module. For E/K, let Z E denote the Galois group of the maximal abelian pro-p unramified outside p extension of E. We shall require the following lemma.
Proof. Note that the lemma may be stated equivalently as saying that f θ (U) is not divisible by any nontrivial divisor of ((U + 1) p n − (1 + p) −p n ) for any n. The Pontryagin dual of the (ωθ −1 )-eigenspace of the direct limit A K of the p-parts of class groups in finite subfields of K has characteristic ideal equal to
. By a result of Iwasawa and the evenness of θ, we have
Let F n be the fixed field of Γ ′ (say, of index p n in Γ), which is a CM-field since θ is even. Let F + n be its maximal totally real subfield. Since F + n is totally real and 2 is a positive even integer, H 1 (G F + n ,S , Z p (2)) is finite by a well-known result of Soulé [So] and, hence, so is H 1 (G Fn,S , O(2)) (ω 2 θ −1 ) . Restriction to G K,S is easily seen to be pseudo-surjective (taking an inverse limit of Hochschild-Serre with torsion coefficients), and this forces
We are now able to prove the following lemma on the representation φ C .
Lemma 3.3. The extension L/K is unramified outside p and totally ramified at all primes above p in K. The mapc induces an isomorphism G ∼ = C/IC ofΛ-modules, the action ofΓ on C/IC being given byā −1 . We also have
Proof. The statement that G ∼ = C/IC follows as in [O2, p. 298] , the statement on the action is obvious, and the final statement is also obvious as C = h. Note that we therefore have an isomorphism G ∼ = Λ/(f • θ (U)) of Λ-modules. As for the first statement, we note that if v is a prime of K lying above N, the inertia group I v of v in G cannot be finite and nontrivial, as the Λ-submodule generated by I v would then be finite (as the set of primes of K above N is finite) and therefore trivial. On the other hand, any ramification at v is tame, so if I v is infinite, it must be isomorphic to Z p (1) as a module over Z p [[Γ ′ ]] for some subgroup Γ ′ ≤ Γ of finite index. This would imply that f • θ (U) shares a nontrivial common divisor with (U + 1) p n − (1 + p) p n for some n, which is not the case by Lemma 3.2. Hence, we see that L/K is unramified outside p. That L/K is totally ramified at primes above p now follows from Lemma 3.1 and the fact that G has a (θω −1 )-action of∆.
For any algebraic extension E of K, let X E denote the Galois group of the maximal unramified abelian pro-p extension of E, and let Y E denote the maximal quotient of X E in which all primes above p split completely. Let I G denote the augmentation ideal in
]-modules (and hence of Λ-modules, as G has the structure of an O-module).
From now on, we assume the following strengthening of Hypothesis 1b.
Hypothesis 2. We have that
Remark. In fact, it would suffice in what follows to assume that θ 2 and ω 2 agree on D p . If N = 1, then Hypothesis 2 holds automatically.
Lemma 3.4. The canonical maps in the following commutative diagram are allΛisomorphisms:
v denote the decomposition group at v in X L /I G X L , and let D v denote the decomposition group at v in X K . Since, by Lemma 3.3, we know that L/K is unramified outside p and has trivial maximal unramified subextension, we have a commutative diagram with exact rows and columns:
In Q(µ p ), there is a unique prime above p, and hence, elements of the D v are not permuted by ∆. Note furthermore that each D v has a trivial action of ∆, as it is the Galois group of an unramified local extension, and that the restriction of ωθ −1 to ∆ is not the identity by Hypothesis 1b. Therefore, the direct sum of the D v has trivial (ωθ −1 )-eigenspace. The same holds for the direct sum of the D ′ v . It now suffices to show that the (ωθ
For this, consider the following commutative diagram with exact columns and exact rows aside from the first, which is a complex:
Note that H 2 (G, Z p ) is isomorphic to the wedge product over Z p of two copies of G.
Since G v = G for each v ∈ S K , we have that the corestriction map j is surjective. By the Snake Lemma, it remains only to show that the (ωθ −1 )-eigenspace of v∈S K G v is trivial. For this, we remark as before that its summands are not permuted by ∆. Since
We now study the homomorphism on G Q to formal matrices defined as
for σ ∈ G Q . Let M denote the fixed field of the kernel of φ D on G F . Although we do not need it, we note that we may use φ D to form a new homomorphism ψ D , represented in matrix form as
for σ ∈ G Q , which perhaps gives one a better feeling for the structure of the Galois group Gal(M/Q).
Theorem 3.5. The extension M/HL is unramified everywhere, and
The mapd − 1 induces a canonical isomorphism of Z p -modules
Proof. Note the following equality in I/I 2 :
Since B = I, C = h, andb andc are surjective on G L and G H , respectively, the group P = Gal(M/HL) is seen to be equal to the commutator subgroup of Gal(M/K), and d − 1 induces a canonical isomorphism
Now, note that M is an abelian pro-p extension of HL which is unramified outside the primes dividing N. Furthermore, the completion of HL at a prime w above N is the unique unramified Z p -extension of the completion of F at this prime. If the inertia group P w of w in P is infinite, then, as the ramification at w is tame, it is isomorphic to Z p (1) as a module over Z p [[Γ ′ ]] for some subgroup Γ ′ ≤ Γ of finite index. However, this is impossible as P has a trivialΓ-action. Hence, P w must be finite. However, since P is isomorphic to X (θω −1 ) K as a pro-p group by Theorem 2.1 and (1), the second statement of Lemma 3.1 forces P w to be zero. Hence, M/HL is everywhere unramified.
We have now exhibited a surjection
Combining (1) and (2) 
In fact, the lower horizontal map in (3) factors through the tensor product over h. Of course, since C = h and B = I, we have that the map
is an isomorphism. As the G Q -action on B/IB is given byā and on C/IC byā −1 , it is easy to see that
Thus, the right vertical arrow in the diagram (3) is also an isomorphism.
Proof. We know from Theorem 3.5 that X L /I 2 G X L has a Z p [[Gal(L/Q)]]-quotient Z = Gal(M/L), and therefore also a quotient Z ′ , which fit into a commutative diagram with exact rows
Let p be a prime above p in K. We know that L/K is totally ramified at p by Lemma 3.3, so there is a unique prime P above p in L. Since X L /I 2 G X L is abelian, there is a unique decomposition group D p at P in this Galois group. By Lemma 3.4, the imageD p of D p in Z is contained in (I G X L /I 2 G X L )Γ. SinceΓ acts trivially on the latter module, we have thatD =D p is the unique decomposition group above p in Z.
We claim thatD is equal to the kernel of the surjection
To see this, note that the kernel of the map
Now we know that the projection of this product to Z is simplyD, and this is the entire kernel of the map Z → Z ′ by (5) and the Snake Lemma applied to the diagram
On the other hand, the map d is a homomorphism on our fixed decomposition group D p in G Q which has image U p on the inverse of a Frobenius at p [O4, Theorem 3.4.2]. Since [F : Q] is prime to p and L/F is totally ramified at primes above p, a prime-to-p power of this Frobenius is contained in D p ∩ G L . Also, we have seen that the image of D p ∩ G L in Z is simplyD. By Theorem 3.5, we obtain immediately that
finishing the proof.
Cup products
In this section, we shall work in a somewhat more abstract setting and construct what we refer to as the S-reciprocity map for an abelian p-power Kummer extension of number fields, which specializes to local reciprocity maps at primes in a fixed set S containing the primes above p and those which ramify. The S-reciprocity map is constructed out of cup products in Galois cohomology with ramification restricted to S and coefficients in p-power roots of unity. It allows us to give a description of the second graded quotient in the augmentation filtration of the Galois group of the maximal unramified abelian pro-p completely split outside of p extension of an S-ramified Kummer extension of a cyclotomic Z p -extension of a number field. In this section, let p be any prime number, and, for the time being, let F be any number field containing the p m th roots of unity for some m ≥ 1. Let S be any finite set of primes of F containing those above p and any real places. For any finite extension E of F , let S E denote the set of primes of E consisting of the primes above those in S, let A E,S denote the p-part of the S E -class group of E (and similarly for any extension of F ). We let G E,S denote the Galois group of the maximal extension of E unramified outside S E . Write O E and O E,S for the ring of integers and S-integers of E, respectively. Write Br S (E) for the S E -part of the Brauer group of E. In most of the rest of the notation, the set S will be understood. We write E E for the group of S-units O × E,S in E. We recall the following exact sequences for G F,S -cohomology groups:
and
By Kummer theory and (6), the cohomology group H 1 (G F,S , µ p m ) is isomorphic to the subgroup B m,F of F × /F ×p m consisting of reductions of elements a ∈ F × with fractional ideal aO F,S a p m th power. We will consider the pairing
obtained by cup product on H 1 (G F,S , µ p m ). Let Υ be any subgroup of B m,F that is free over Z/p m Z. Let E denote the field defined over F by p m th roots of lifts of elements of Υ, and let Q = Gal(E/F ). Kummer theory provides a canonical isomorphism
Let I Q denote the augmentation ideal of Z p [Q]. We have that Q ∼ = I Q /I 2 Q in the usual manner σ → σ − 1. Tensoring (8) with H 2 (G F,S , µ p m ) and applying the resulting map to the homomorphism a → a, b m,F for a ∈ Υ and a fixed b ∈ E F /E p m F (for instance), we obtain an element of
By varying b and lifting to E F , we have therefore defined a canonical homomorphism
which one might refer to as the mth S-reciprocity map for the extension E/F , as local reciprocity maps can be constructed in an analogous fashion from norm residue symbols.
(Note that we need not pass through the subgroup Υ or assume that F contains µ p m in our construction, but we do so for comparison with the cup product pairing.)
and we remark that
(We can take A m,E/F instead of A F,S /p m here by [McS, Theorem 2.4 ]. Note that (A F,S /p m )/A m,E/F is canonically isomorphic to a quotient of Q.) The following is immediate from the definition of Ψ m,E/F .
for all a ∈ Υ, where, for σ ∈ Q, we have used g σ to denote the image of σ under the inverse of the map in (8).
Let D m,E/F be the kernel of A E,S → A F,S /p m . We define
Theorem 4.2. There is a canonical isomorphism
Proof.
We have a natural map
for σ ∈ Q and A ∈ A E,S with imageĀ in A E,S /I Q A E,S . This descends to a homomorphism h : I Q /I 2 Q ⊗ A m,E/F → Q m,E/F . We must show that h has kernel P m,E/F .
Let J E,S denote the S E -ideal group of E. Let b ∈ U E/F , and write b = N E/F y for some y ∈ E × . The ideal of O E,S generated by y may be written in the form
(see also [Sh2, Theorem 4.3] ). By Lemma 4.1, we conclude that h(Ψ m,E/F (b)) is equal to the image of 
is principal. Let y ∈ E × be a generator of C, and set b = N E/F y ∈ E F . As before, (9) holds for any a ∈ Υ. Again by Lemma 4.1, we conclude that
Hence, the kernel of h equals P m,E/F . We now pass to the infinite level. Let F now be any number field and S = S F a set of primes containing those above p and any real places. Let K n = F (µ p n ) for all n ≥ 1, and let K = F (µ p ∞ ). Let B m,K denote the direct limit of the B m,Kn . The pairings · , · m,Kn for fixed m and increasing n induce, via the usual compatibility of cup products under corestriction, pairings in the limit
with the inverse limits being taken with respect to norm and corestriction maps, respectively. Let
with the inverse limit taken with respect to corestriction maps. Taking the inverse limit over m, we obtain a pairing
where B K denotes the inverse limit of the B m,K (which contains the p-completion of the p-units in K) and
the inverse limits over n being taken with respect to norm maps. Note that U K is simply the group of universal norms of p-units, independent of S, as all primes not over p in K have infinite decomposition groups. Let L be the Kummer extension of K defined by all p-power roots of a pro-p subgroup Υ of B K , which is defined even though B K is only contained in the p-completion of K × . We remark that G = Gal(L/K) is necessarily Z p -torsion free. Since
we have a natural map Ψ L/K :
for b ∈ U K and a ∈ Υ. We call Ψ L/K the S-reciprocity map for L/K, and we remark that it satisfies the obvious anologue of Lemma 4.1. For each n ≥ 1, we may choose a positive integer m n and an abelian extension L n /K n with (Z/p mn Z)-free Galois group such that L = ∪L n . Then one sees easily that
Kn for all n be the group of universal norms in K from the extension L/K (again independent of S containing the primes above p). Let Y L/K denote the image of the restriction map Y L → Y K , and let D L/K be its kernel. We remark that all primes not above those in S must split in Y K , so Y K is in fact the inverse limit of the A Kn,S . Furthermore, the image of b ∈ U L/K under Ψ L/K lies in I G /I 2 G ⊗ Zp Y K and is independent of S containing the primes above p and the ramified primes in L/K. Set P L/K = Ψ L/K (U L/K ). We define the following quotient of I G Y L /I 2 G Y L :
The following is verified from Theorem 4.2 by taking inverse limits (and by the above remarks, is independent of our choice of S).
Theorem 4.3. There is a canonical isomorphism
We end this section with the following remark.
Remark. Suppose that L is Galois over some subfield F 0 of F , and setΓ = Gal(K/F 0 ). Then the isomorphism in Theorem 4.3 is an isomorphism of Z p [[Γ]]-modules.
Cup products with p
In this section, we combine our results on the Galois representation of Ohta with the cup product construction of the previous section. In particular, we prove that the map given by taking cup products with p at the level of K is surjective if and only if U p −1 generates the Eisenstein ideal. We describe the computational verification of this generation in the case that N = 1 and p < 1000. This proves Conjecture 1.1 for these p. Not directly used in this proof but quite striking on its own, we demonstrate in Theorem 5.2 an identification between U p − 1 (in I/I 2 ) and the image (moduloΓ-coinvariants) of a universal norm in K with norm p in Q under the S-reciprocity map for L/K. We return to the setting of Section 3. In particular, we take p ≥ 5, we let F and θ satisfy Hypotheses 1 and 2, we let L be the fixed field of the kernel of φ C on G F , and we let S E consist of the primes above p and any real places for any E/Q.
The following is a corollary of Theorem 4.3.
Proof. Note that Y L/K = Y K , as L/K is totally ramified at p by Lemma 3.3. Furthermore, by Lemma 3.4, we have (D L/K /I G Y L ) (ωθ −1 ) = 0, which implies that
. The result then follows from Theorem 4.3.
Let 1 − ζ = (1 − ζ p n ) ∈ U K for ζ = (ζ p n ) a generator of the Tate module of µ p ∞ . Note that 1 − ζ has norm p [F :Q(µp)] in Q. Let ǫ denote the natural projection U K → U (1) K . Let h and I be as before.
Theorem 5.2. Under the canonical isomorphism
Proof. Let b = (b n ) ∈ U L/K , and write b n = N Ln/Kn y n (mod E p n Kn ) for some y n ∈ L × n for each n ≥ 1. Let J Ln denote the ideal group of L n (which contains J Ln,S as a direct summand), and write
for some t n ≥ 0, A i,n ∈ J Ln,S and σ i,n ∈ Gal(L n /K n ) with 1 ≤ i ≤ t n , and B n in the subgroup of J Ln generated by the primes in S Ln . We then have (by [McS, Theorem 2.4] and Lemma 4.1)
Let Θ L/K (b) denote the image of Ψ L/K (b) in (I G X L /I 2 G X L )Γ (which makes sense by Lemma 3.4). As the image of Ψ L/K (b) in (I G Y L /I 2 G Y L )Γ is trivial by Corollary 5.1, we have that Θ L/K (b) = −v[P], where [P] denotes the image of any chosen prime P of L above p in (I G X L /I 2 G X L )Γ and v ∈ Z p denotes the sum of the valuations of b at primes above p in K. In other words, Θ L/K (b) is the image in this group of the mvth power of a geometric Frobenius Φ p in D p , where m is the residue degree of p in F/Q.
Since (P L/K )Γ is isomorphic to the span of U p − 1 in I/I 2 by Theorem 3.6 and Corollary 5.1, there exists b ∈ U L/K withd(Θ L/K (b)) − 1 = U p − 1. Choosing such a b, we have mv = 1, asd(Φ p ) = U p (again by [O4, Theorem 3.4.2] ). We remark that U
(1) K is free of rank 1 over Z p [[Γ]], generated by ǫ(1 − ζ). Since v = m −1 has trivial valuation at p, the element ǫ(b) also generates U (1) L/K . (It is also possible to see this using cohomological methods.) Since the sum of the valuations of 1 − ζ at primes above p in K is equal to the number g of such primes, we have
The result follows.
We require a few lemmas. First, we employ Poitou-Tate duality to verify the following reflection principle. Set U F = E F ⊗ Z p .
Lemma 5.3. We have A (ω 2 θ −1 ) F,S = 0, and U (ω 2 θ −1 ) F is free of rank 1 over O.
Proof. By Lemma 3.1, we have that A (θω −1 ) F,S = 0 (or see [L, Theorem 1.3.1] ). On the other hand, the (θω −1 )-eigenspace of Br S (F )[p] is trivial by Hypothesis 1b. Hence, (7) implies that the (θω −1 )-eigenspace of H 2 (G F,S , µ p ) is trivial. Since
for any i ≥ 0, the fact that the Euler characteristic of the latter cohomology groups is zero implies that the (θω −1 )-eigenspace of H 1 (G F,S , µ p ) is trivial as well. By Poitou-Tate duality, this implies that the kernel of
is trivial. As this kernel is the (ω 2 θ −1 )-eigenspace of A F,S /p, we have the first statement. Now, consider the (ω 2 θ −1 )-eigenspace of v∈S F H 1 (G Fv , µ p ). In fact, it follows from a result of Greither (see [Sh1, Corollary 2.2] ) that under Hypotheses 1b and c, this eigenspace is a one-dimensional vector space over O/pO. Again applying Poitou-Tate duality, the trivialities demonstrated above and (6) imply that
We also have the following.
Lemma 5.4. Every element of U (ω 2 θ −1 ) F is a universal norm from K.
Proof. Let U K/F denote the subgroup of U F of elements which are universal norms from K. By [Sh3, Corollary A.2], we have an exact sequence
By Lemma 5.3, we have that A
by Hypothesis 1c. Then, (10) implies that (Y K )
(ω 2 θ −1 ) Γ = 0, so Y (ω 2 θ −1 ) K = 0 by Nakayama's Lemma. Applying (10) one more time, we see that U
For q ≥ 2, let h q denote the ordinary cuspidal Hecke algebra of level p, weight q, and character θω −q . Let
Then h q ∼ = h/P q h [H2, Corollary 3.2]. Let I q denote the Eisenstein ideal in h q , which is generated by U p − 1 and T l − 1 − θ(l)κ(l) q l −1 for primes l = p.
Lemma 5.5. We have I q ∼ = I/P q I.
Proof. We have I q ∼ = I/(P q h ∩ I), and we claim that P q h ∩ I = P q I. To see this, it suffices to show that P q does not divide the characteristic ideal of the principal Λ h -module h/I, which we know to be generated by a power series g θ with g θ ((1+p) s −1) = L p (θ, 1−s) for s ∈ Z p . Since q is a positive even integer, the argument of Lemma 3.2 goes through (with 2 replaced by q).
By Lemma 3.4, we may identify the (ωθ −1 )-eigenspaces of X K and Y K , as well as of A F and A F,S . Similarly, the (ω 2 θ −1 )-eigenspace of H K , with H K as in the previous section, is simply Y (ωθ −1 ) K (1) by Hypothesis 1b. We are now ready to prove the following theorem on the surjectivity of pairing with p under the cup product.
Theorem 5.6. The following are equivalent:
Proof. We first consider the equivalence of conditions a and b. It follows from Lemma 5.4 that the image of p, U K (ω 2 θ −1 ) K under the natural quotient map
Since this map is given by taking the quotient modulo the action of the maximal ideal of Λ, Nakayama's Lemma implies that parts a and b are equivalent.
Let m denote the maximal ideal of h containing I. By Lemma 5.5 and Nakayama's Lemma, conditions c and d are both equivalent to the image of U p − 1 generating I/mI as an O-module. We prove that this latter condition is equivalent to part b in a series of steps.
Let E be the subextension of L/F with Q = Gal(E/F ) isomorphic via restriction to the quotient of G modulo the submodule determined by the maximal ideal of Λ. It follows from the principality of G as a Λ-module that Q has dimension 1 over O/pO. By Lemma 5.3, E is defined by (E F /E p F ) (ω 2 θ −1 ) as a Kummer extension. Let η be a generator of (E F /E p F ) (ω 2 θ −1 ) as an O-module. Then
, and both groups are necessarily generated by p, η 1,F as an O-module. That is, condition b is equivalent to the statement that A (ωθ −1 ) F ⊗µ p is generated by p, η 1,F as an O-module. Lemma A.3 and the isomorphism (4) in the proof of Theorem 3.5 yield isomorphisms
in the quotient. Since I Q /I 2 Q is a one-dimensional O/pO-vector space, this sets up a noncanonical isomorphism of O-modules
We may therefore assume that both O/pO-vector spaces in (12) are one-dimensional.
We are reduced to proving that p, η 1,F is nonzero if and only if the image of U p − 1 in I/mI is nonzero. By Theorems 4.3 and 3.6, we have that
where V is the Z p -module generated by U p −1. By definition, P
E/F contains the image of (P L/K )Γ in (I Q /I 2 Q ⊗A F /p) (1) . In the proof of Theorem 5.2 it was shown that U
(1)
L/K , and hence the element p in F is a universal norm from L. Therefore, P
(1) E/F is in fact equal to the image of (P L/K )Γ. It follows that we have an isomorphism in the quotient
Now, p, η 1,F is nontrivial if and only if P
(1) E/F is nontrivial as well. By (11) and (13), the latter nontriviality occurs if and only if the image of U p − 1 in I/mI is nonzero.
We now focus on the case that N = 1, so F = Q(µ p ), K = Q(µ p ∞ ), and θ = ω k for some positive even integer k < p with p | B k and p ∤ B p+1−k . In general, we call (p, k) an irregular pair if k is a positive even integer such that k < p and p | B k . The following was proven using the computational algebra package Magma, and in particular, its built-in routines for modular symbols (programmed by W. Stein).
Theorem 5.7. For all irregular pairs (p, k) with p < 1000, the element U p − 1 generates I 2 .
Sketch of Proof. It suffices to show that U p − 1 generates the abelian group I 2 /I 2 2 . We did this by computation as follows. Let H 2 denote the full cuspidal Hecke algebra of weight 2, level p, and character ω k−2 . We computed the Hecke operators U p and T i in H 2 for all i with 1 ≤ i < p/6, as elements of M d (Z[ξ]) for an appropriate d and a fixed primitive (p − 1)st root of unity ξ, which act on the space of cuspidal modular symbols with respect to a fixed choice of basis. These T i generate H 2 as a Z-submodule (for the case of Γ 0 (p), see [AS] , where the result is derived from a result of J. Sturm; by a remark of K. Buzzard, as communicated by W. Stein, this yields the case of Γ 1 (p) and arbitrary character by performing the operation q → q p−1 ). We then considered the imagesT i andŪ p of these matrices in M d (Z/p 2 Z), via the appropriate choice of embedding of Z[ξ] in Z p followed by reduction.
Let M denote the subgroup of M d (Z/p 2 Z) spanned by theT i . We checked that pM has p-rank d, the rank of H 2 as a Z-module. We then computed the minimal integer N such that theT i with 1 ≤ i ≤ N generate M as a Z/p 2 Z-module. Then p and the T i − 0<e|i ω(e) k−2 e with 1 ≤ i ≤ N generate I 2 over Z p , provided that
is of order p, which we checked. We computed the images I and J of I 2 and I 2 2 , respectively, in M using these elements and their products. We verified that I is generated by J andŪ p − 1. Since I 2 2 contains p 2 h 2 , this suffices to prove that I 2 is generated by I 2 2 and U p − 1.
We remark that for all irregular pairs (p, k) with p < 1000, we have p ∤ B p+1−k . The following are then direct consequences of Theorems 5.6 and 5.7.
Corollary 5.8. For all irregular primes p with p < 1000, we have the equality p, U K K = X K (1).
Corollary 5.9. For all p < 1000, the pairing · , · 1,F is surjective, and p, 1 − ζ p 1,F generates its image as a Z p [∆]-module.
Thus, we have proven Theorem 1.2 of the introduction. Furthermore, · , · 1,F is given in each eigenspace, up to a scalar which is nonzero modulo p, by the formula that can now be found at www.math.mcmaster.ca/ ∼ sharifi (see [McS, Theorem 5.1] ). This computation has numerous interesting corollaries, in particular to the structure of unramified pro-p Galois groups and to products in the K-theory of cyclotomic integer rings (including Z), which we intend to discuss in later work. For now, we refer the reader to [McS] for the details of some of these applications. Of particular interest therein is Ihara's conjecture on the existence of a particular relation in the 12th graded piece of Ihara's Z 691 -Lie algebra arising from the outer Galois action on the pro-691 fundamental group of P 1 − {0, 1, ∞}, which is an immediate corollary of Corollary 5.9 for p = 691 and [McS, Theorem 9.11 ].
Selmer groups
In this section, we give an example of the use of Theorem 3.5 in the computation of Selmer groups. We consider only the lattice X in X ⊗ h Q h , where Q h denotes the quotient field of h, and we do not introduce any cyclotomic twist. (Another particularly nice choice is the lattice X + ⊕ IX − twisted by the inverse of det ρ.)
Set W = X/IX ⊗ Zp Q p /Z p . We will compute the Selmer group Sel(Q, W ) = ker(H 1 (G Q,S , W ) → H 1 (I p , W )) and the restricted Selmer group
Such Selmer groups are defined and discussed in detail in [G2] . (In general, it is necessary to take a quotient of W by a D p -submodule in the local Selmer groups, but here that submodule is trivial as the Hodge-Tate weights specialize to 0 and 1 − k in weight k.) We continue with the notation and hypotheses of the previous sections. Note that G Q acts by φ C on W . We have a decomposition of W into plus and minus parts which are (h/I)-modules. Note that W fits in an exact sequence 0 → W + → W → W/W + → 0 of Galois modules, where W + is fixed by G Q and W/W + = (W/W + ) (ωθ −1 ) . We have Selmer groups for W + and W/W + defined analogously to that for W .
We prove our result through a series of lemmas.
Lemma 6.1. The Selmer group Sel(Q, W + ) is trivial.
Proof. We have an exact sequence
(where Z K is the Galois group of the maximal abelian pro-p unramified outside p extension of K), and the rightmost group is trivial since W + has trivialΓ-action. On the other hand, the facts that p ∤ [F : Q] and K/F is totally ramified at primes above p imply that H 1 (Γ, W + ) has trivial intersection with Sel(Q, W + ), which must then be 0.
Lemma 6.2. The natural map
is an isomorphism.
The latter group is computable by Theorem 2.1:
Since C/IC is free of rank 1 over h/I, we have that
Since C = End h (X − , X + ) ∼ = h, we have a canonical isomorphism
This and the fact that B/IB ⊗ h C/IC ∼ = I/I 2 now imply the existence of the desired isomorphism.
Let us show that this isomorphism agrees with its description in the statement of this theorem. That is, take a cocycle f with class in Sel(Q, W/W + ), and letf be a cocycle with class in H 1 (G Q,S , W ) lifting that of f . Then the restrictionf | G K,S lifts the homomorphism f | G K,S . Furthermore,f| G HL,S is a homomorphism with image in W + . Let E denote the fixed field of the kernel off | G HL,S , so thatf | G K,S factors through a map g on Gal(E/K). Since no∆-invariant homomorphisms G K,S → Z/pZ exist, Gal(E/HL) is contained in the commutator subgroup of Gal(E/K). As G L,S acts trivially on W , we havef
for σ ∈ G K,S and τ ∈ G L,S . Therefore, the map which takes f to g is exactly, by the identifications in Theorem 3.5, both the isomorphism in (14) and given by the description in the statement of the lemma. Lemmas 6.2 and 6.3 yield the following as an immediate corollary.
Theorem 6.4. There is a canonical isomorphism of Z p -modules
As for the strict Selmer group, we obtain the following. Recall that V denotes the Z p -module generated by U p − 1. Proof. Let ϑ denote the homomorphism
Again, Sel S (Q, W + ) = 0, and as in the proof of Theorem 6.4, we obtain an exact sequence
Note that Sel S (Q, W/W + ) ∼ = Sel(Q, W/W + ), as X
. Since D p acts trivially on W + , we have H 1 (D p , W + ) ∼ = H 1 (Γ, W + ) ⊕ H 1 (D p /I p , W + ), and the cokernel of ϑ is canonically isomorphic to H 1 (D p /I p , W + ).
By Lemma 6.3 and the Snake Lemma, δ induces a map Hom h (I/I 2 , W + ) → H 1 (D p /I p , W + ), which is given by identifying I/I 2 and (I G X L /I 2 G X L )Γ as in Theorem 3.5, restricting to the image of D p ∩ G L,S in this group, which is isomorphic to a quotient of D p /I p , and finally inflating. By Theorem 3.6, the kernel of this map is canonically isomorphic to Hom h (I/(V + I 2 ), W + ), as desired.
Let W = X ⊗ Zp Q p /Z p . We obtain as a corollary the following small piece of a Main Conjecture for an Eisenstein component of the Hida representation. Note that U p − 1 occurs as a factor in the two-variable p-adic L-function of Mazur-Kitigawa at the trivial character (see [Ki, Theorem 4.8] , for instance). Proposition 6.6. If I/I 2 is generated as a Z p -module by U p − 1, then Sel S (Q, W) = 0.
Proof. Since I is a principal ideal of h, we have an exact sequence
Since W G Q,S = W Dp = W + , we have an exact sequence of Selmer groups Sel S (Q, W) ·(Up−1) − −−− → Sel S (Q, W) → Sel S (Q, W ). By Theorem 6.5, Sel S (Q, W ) = 0, and the result follows from Nakayama's Lemma.
A Eigenspaces
In this appendix, we prove a decomposition result (Proposition A.2) for the structure of eigenspaces of tensor products of Z p [∆]-modules. We use only its consequence (Lemma A.3) for trivial eigenspaces in this article, but the general result would be useful should one wish to consider more general eigenspaces.
Let∆ be a finite abelian group of order prime to p. Let∆ * denote the group of Q pvalued characters on∆. Given a character ψ ∈∆ * , we let R ψ denote the unramified extension of Z p generated by the values of ψ. We denote the set of Gal(Q p /Q p )-conjugacy classes of characters in∆ * by Σ, and we denote the conjugacy class of ψ by [ψ] . We have a ring decomposition (see [MW, Section 1.3 
In particular, the surjection Z p [∆] → R ψ induced by ψ is split.
If A is Z p [∆]-module, then we let
where the map Z p [∆] → R ψ in the tensor product is the surjection induced by ψ. We remark that A (ψ) inherits the structure of a R ψ [∆]-module. Again, we have a decomposition
In particular A (ψ) and A (χ) are equal as subgroups and isomorphic as Z p [∆]-submodules of A if [ψ] = [χ]. Let R denote the subring of Q p generated by all character values of∆ over Z p . Let A R = A ⊗ Zp R, an R[∆]-module. We set We wish to work with eigenspaces of tensor products. Let us begin by proving such a result after extension of scalars.
Lemma A.1. Let ψ ∈∆ * , and let A and B be Z p [∆]-modules. Then
Decomposing A R and B R , we have that
We now prove our decomposition result for eigenspaces of tensor products. Proof. Since A and B both decompose into eigenspaces as in (15), it suffices to show that (A (χ) ⊗ Zp B (ψ) ) (ϕ) = 0 for χ, ψ ∈∆ * with ([χ], [ψ]) / ∈ Σ 2 ϕ . Note that (A (χ) ) θ = 0 for θ ∈∆ * unless θ ∈ [χ], in which case (A (χ) ) θ ∼ = A θ . Therefore, Lemma A.1 implies that
which is trivial since ϕθ −1 / ∈ [ψ] for all θ ∈ [χ].
We have the following result for the special case of the trivial eigenspace of the tensor product. 
(where a, b, and δ in the quotient run over elements of A (χ) , B (χ −1 ) and∆, respectively).
